We propose a new sequential procedure for estimating a dynamic joint distribution of a group of assets. The procedure is motivated by the theory of composite likelihood and by the theory of copula functions. It recovers m-variate distributions by coupling univariate distributions with distributions of dimension m − 1. This copula-based method produces pseudo-maximumlikelihood type estimators of the distribution of all pairs, triplets, quadruples, etc, of assets in the group. Eventually the joint distribution of unrestricted dimension can be recovered. We show that the resulting density can be viewed as a flexible factorization of the underlying true distribution, subject to an approximation error. Therefore, it inherits the well known asymptotic properties of the conventional copula-based pseudo-MLE but offers important advantages.
Introduction
The problem of estimating dynamic joint distributions 1 for a group of assets is very important to a wide range of practitioners, in particular, in the areas of risk management and portfolio optimization. It is also an interesting theoretical question whether there exist reliable and flexible estimation methods that are, in some sense, equivalent to the traditional multivariate likelihood based estimators when the traditional estimators are impractical due to high dimensionality or small samples, or both. In this paper we propose a new method of constructing multivariate dynamic distributions from lower-dimensional distributions in a sequential manner using copulas. We show that this estimator can be viewed as a traditional pseudo maximum likelihood estimator (PMLE), though it has important advantages over PMLE -it is more flexible and works reasonably well in situations when the traditional MLE fails.
In a nutshell, the sequential algorithm proceeds as follows. As a first step, we estimate univariate (marginal) distributions for each asset. In the second step, we construct bivariate distributions for each pair of assets using the univariate distributions from the first step and bivariate copula functions. In the third step, trivariate distributions are formed for all triplets of assets using the univariate distributions estimated in the first step and the bivariate distributions obtained in the second step. The procedure goes on until the joint distribution of the whole group of assets is constructed. In each step m, m = 1, . . . , d, we use copula functions to combine each of the d univariate distributions with each of the available (m − 1)-variate distributions constructed in the previous step -we call this compounding -and then we average the resulting m such combinations to reflect our uncertainty about the true data generating process.
Theoretical justification for this procedure comes from the theory of composite and quasi likelihoods (see, e.g., Varin et al., 2011, for a review) , and the theory of compatible copulas (see, e.g., Nelsen, 2006) . The averaging over combinations of assets comes from the theory of model average estimator (see, e.g., Clemen, 1989 , for an early review).
The procedure can be thought of as recovering the joint distribution (or density) from the distributions (or densities) of all lower-dimensional sub-vectors comprising the original random vector. In this sense, it is related to the work by Sharakhmetov and Ibragimov (2002) and de la Pena et al. (2006) who provide a representation of multivariate distributions in terms of sums of U -statistics of independent random variables, where the U -statistics are based on functions defined over all subvectors of the original random vector. The procedure is also somewhat similar in spirit to Engle's (2009) approach of estimating a vast-dimensional DCC model by merging estimates of many pairwise models, either all of them or a number of selected ones. In contrast to Engle (2009), we reconstruct the dynamics of the entire multivariate distribution, rather than focusing on the dynamics of the second moment.
Our method uses many individual optimization problems at each step. However, each such problem involves substantially fewer parameters than the conventional estimation problem where the entire dependence structure is parameterized. As a simple example, consider the case of a d -dimensional vector with Student's t distribution (or, equivalently, with Student's t marginals and Student's t d -copula). The scale matrix, representing dependence for this case, has
parameters. In principle, we can estimate the parameters of the marginal distributions first and then use them to estimate the parameters of the copula -this is known as the inference function for margin (IFM) method (see, e.g., Joe, 2005) . Alternatively, we can use the joint log-density to obtain an MLE of the entire parameter vectors (it will include the
dependence parameters plus whatever parameters are in the marginals). In either case, the order of the problem is at least O(d 2 ). As we shall illustrate, this can be difficult to handle even when the dimensions are moderate (i.e., when d is between 5 and 10). In contrast, our procedure requires solving only bivariate problems which are very easy to handle.
An important advantage of our approach is greater parametric flexibility. Because of the many steps, we have more degrees of freedom in choosing parameterizations, while parameterizations used in the conventional procedures are typically quite tight and are tied to convenient functional forms indexed by a handful of parameters. As an example, consider an one-parameter Gumbel-Hougaard d -copula. This is a multivariate Archimedean copula whose functional form limits the nature of dependence it can accommodate (see, e.g., Nelsen, 2006, Section 4.6) . This makes the copula insufficiently flexible for modelling data with high degrees of dependence often encountered in time series analysis.
Conventional estimation methods that accommodate larger classes of dependence structures typically suffer from an increased number of parameters. As an example, consider replacing Stu-dent's t d -copula in the example above with the Eyraud-Farlie-Gumbel-Morgenstern d -copula. This copula has 2 d − d − 1 parameters so if we use the standard estimators, the order of the problem grows even faster than for the t copula. For d = 2, the EFGM copula is known to accommodate only very limited range of dependence as measured by Kendall's τ . In higher dimensions it can be used in constructing a very large class of joint distributions (see, e.g., de la Pena et al., 2006) but the cost of this is the exponential growth of the number of parameters.
One recent solution to the dimensionality problem is to use a sequence of bivariate copulas to construct a multivariate copula, which is known as a 'vine copula' or a pair-copula construction
[PCC] (see, e.g., Aas et al., 2009; Min and Czado, 2010) . Similar to our procedure, this approach results in a flexible parametrization. It decomposes a joint d-variate density into a product of up to
bivariate copulas which can accommodate different types and ranges of dependence.
However, unless some restrictions are imposed on the bivariate copulas or a sequential estimation procedure is used, this does not really reduce the order of the MLE problem. There are still O(d 2 )
parameters in the joint likelihood to estimate. Moreover, an ordering of the components is required for the original multivariate vector before a PCC can be constructed. Such an ordering is rarely available, especially in the time series setting, which is the setting we consider.
Another alternative is to use the so called factor copula approach (see, e.g., Oh and Patton, 2013) . However, the joint density obtained using this method lacks a close form and it is unclear at the moment whether the convolution of distributions imposed by the factor copula specification covers all possible classes of joint distributions one may wish to model. The paper proceeds by describing our sequential approach in more detail in Section 2. Section 3 considers the theoretical properties of our estimator. Section 4 describes a typical parameterization that arises in a multivariate setting with dynamic, skewed and asymmetric distributions. It also gives detail on the compounding functions and goodness-of-fit tests that seem appropriate in this setting. Section 5 discusses an empirical application of the sequential method. Section 6 concludes.
The sequential procedure
Suppose the group contains d assets. The new methodology can be described in the following sequence of steps.
Step 1. Estimate the univariate marginals by fitting suitable parametric distributions
where F j is the marginal cdf estimate for the jth asset. This step is standard in parametric modeling of dynamic multivariate distributions using copulas. It involves d estimation problems.
The conventional next step would be to apply a d-copula to the marginals but as discussed in the introduction this often results in an intractable likelihood.
Step 2. Exploiting the estimates F j from step 1, estimate bivariate distributions for all pairs of assets
using a suitable parametric copula family as follows:
where F ij is a bivariate cdf estimated for the (i, j)th pair of assets, and C (2) (., .; .) is a bivariate symmetric copula 2 . This step is also standard in parametric modeling of dynamic bivariate distributions using copulas. Here we repeat it for all asset pairs, effectively obtaining all possible contributions of the pairwise composite likelihood. There are d(d − 1) possible pairs to consider in this step. Similar to other pseudo-likelihood based estimators, the use of this type of composite likelihood has been justified either through unbiasedness of the corresponding score functions or through the Kullback-Leibler divergence (see, e.g., Cox and Reid, 2004; Varin and Vidoni, 2005 , 2008 . We discuss this in more detail in Section 3.
We also note that due to symmetry of C (2) the bivariate distribution F ij can be estimated as a simple average
though other, data driven, weighting schemes based on the information criteria have recently been developed in connection with the Bayesian model averaging (see, e.g., Burnham and Anderson, 2002 , Chapter 4).
Step 3. Using the estimates of F j from step 1, the estimates of F ij from step 2, estimate the trivariate distribution for each triplet by
where C (3) F i , F jk ; θ ijk is a suitable (not necessarily symmetric) copula-type compounding function that captures the dependence between the ith asset and the (j, k)th pair of assets. There are
/2 possible combinations of F i 's with disjoint pairs F jk to consider in this step.
Similar to step 2, we can average over the three available combinations of ( F i , F jk ) to obtain a simple model average estimate of the trivariate distribution for triplet (i, j, k) as follows
Note that the formula for F ijk is a natural extension of that for F ij from step 2. It uses triplets of observations to construct the composite likelihood contributions and it applies equal weights when averaging since we used no information theoretic argument to prefer one estimated distribution of triplet (i, j, k) to another.
Step m. Using compounding and averaging similarly to step 3, estimate the m-dimensional distributions for all groups of m assets, m < d. There are
where F i 1 i 2 ...im is the estimated distribution function for the (i 1 , i 2 , . . . , i m )-th m-ple of assets, and C (m) is a m-th order compounding function which is set to be a suitable, possibly asymmetric bivariate copula. As before, the intention is that averaging diminishes estimation and model uncertainties.
Step d. Finally, the joint distribution of all d assets is estimated as
where C (d) is a d-th order compounding function. There are d such functions to be estimated.
Since the compounding functions are regular bivariate copulas it follows that, by construction,
is non-decreasing on its support, bounded and ranges between 0 and 1. Hence, F 1,2,...,d
can be viewed as an estimate of the joint cumulative distribution function obtained using sequential composite likelihood based estimations. In essence this cdf function is a result of sequential applications of bivariate copulas to univariate cdf's and bivariate copulas.
Of course, nothing guarantees that such a sequential use of copulas preserves the copula properties, that is, nothing guarantees that the m-th order compounding functions are also m-copulas, m = 3, . . . , d. In fact, there are several well-known impossibility results concerning construction of high dimensional copulas by using lower dimensional copulas as argument of bivariate copulas (see, e.g., Quesada-Molina and Rodriguez-Lallena, 1994; Genest et al., 1995b) . Basically, the results suggest that copulas are rarely compatible, that is, if one uses a k -copula and a l -copula as arguments of a bivariate copula, the resulting (k+l)-variate object does not generally meet all the requirements for being a copula (see, e.g., Nelsen, 2006, Section 3.5) .
Strictly speaking, the compounding functions constructed in steps 3 to d of our procedure may fail to be m-copulas unless we use a compatible copula family. However, the resulting estimator of F 12...d is a distribution and thus implies a d-copula. Therefore we do not require the compounding functions to qualify for being m-copulas as long as they can provide a valid pseudo-likelihood. In the theory section, we discuss the assumptions underlying this estimator. In practice, in order to ensure that we use a valid pseudo-likelihood we choose in steps 3 to d a flexible asymmetric bivariate copula family which passes goodness-of-fit diagnostics.
As an alternative we could use copula functions which are usually compatible. Consider, for example, the Archimedean copulas. These copulas have the form In each step of the procedure we operate only with two types of objects: a multivariate distribution of a smaller (by one) dimension and a univariate distribution. This allows for the number of parameters used in each compounding function to be really small while the total number of parameters in the joint distribution remains rather large in order to ensure sufficient flexibility of the joint model. This clarifies the claims made in the introduction about the advantages of this procedure over the standard single-copula or full likelihood based estimation. The conventional methods often produce intractable likelihoods due to dimensionality, or they may be overly restrictive due to a tight parameterization. Our procedure allows to maintain a high degree of flexibility while trading the dimensionality of the parameter space for numerous simpler estimations.
Finally, if we are faced with an extremely large number of assets our method permits a reduction of the number of estimations by following the approach of Engle et al. (2008) and considering random pairs, triples, etc., instead of all possible pairs, triples, etc., as proposed here.
Theoretical Motivation and Asymptotic Properties
Fundamentally, our method of obtaining F 12...d falls within a subcategory of sequential pseudo-MLE known as composite likelihood methods (see, e.g., Cox and Reid, 2004; Varin and Vidoni, 2005) . Composite likelihood estimators construct joint pseudo-likelihoods using components of the true data generating process such as all pairs (see, e.g., Varin, 2008; Caragea and Smith, 2007) or pairwise differences (see, e.g., Lele and Taper, 2002) , and sometimes employing weights on the likelihood components to improve efficiency (see, e.g., Heagerty and Lele, 1998) .
Unlike existing composite likelihood approaches, we estimate components of the composite likelihood sequentially, for all possible multivariate marginals of the joint distribution, and employ weighting to combine alternative composite densities. So our estimator is related to the literature on sequential copula-based pseudo-MLE (see, e.g., Joe, 2005; Prokhorov and Schmidt, 2009b) and to the literature on Bayesian model averaging and optimal forecast combination (see, e.g., Clemen, 1989; Geweke and Amisano, 2011) .
Consider first the sequential procedure itself, ignoring for the moment the combinatorics and the weighting. Let H(x 1 , . . . , x d ) and h(x 1 , . . . , x d ) denote the joint distribution and density, respectively. We wish to estimate these objects. Let
denote the univariate marginal cdf's and pdf's. Note that the conventional d-copula factorization would lead to the following expression for the log joint density:
where
Now let C (m) (u 1 , u 2 ) denote the copula function used in step m of our procedure, where u 2 is set equal to the copula obtained in step m − 1, and let c (m) (u 1 , u 2 ) denote the copula density
The following result shows that in our sequential procedure (without the weighting), the log joint density has a useful factorization, analogous to (2).
is Lipschitz continuous. Then, up to an approximation error, the following holds
Proof: see Appendix for proofs.
In essence, Proposition 1 shows that under a standard continuity condition on the copulas, our procedure (without weighting and combinatorics) recovers the joint log density, up to an approximation error, by replacing one high-dimensional copula term with a large number of bivariate copula terms. As a result, we obtain an approximate joint likelihood which is easy to parameterize using bivariate copula families.
Clearly there are many possible combinations of marginals that can be used to form copula terms in (3). For example, c (3) can be formed as
etc. Each such combination of marginals will produce a different log-density so it is important to pool them optimally. This question is central in the literature on combining multiple prediction densities (see, e.g., Hall and Mitchell, 2007; Geweke and Amisano, 2011) , where optimal weights, also known as scoring rules, are worked out in the context of information theory. As an example, define c
Then, it is possible in principle to obtain the optimal weights ω j 's as solutions to the following problem
Such scoring rules make ω j 's a function of c (3) j 's and may be worth pursuing in large samples.
However, it has been noted in this literature that often a simple averaging performs better due to the estimation error in ω's (see, e.g., Watson and Stock, 2004; Elliot, 2011) . Moreover, in our setting, the problem in (4) would need to be solved at each step, imposing a heavy computational burden. Therefore, in our procedure we use a simple average of C (m) 's, or equivalently, a simple average of c (m) 's.
We now turn to the asymptotic properties of our estimator. Let θ contain allθ's from the steps described in Section 2. Then, by the celebrated Sklar (1959) theorem, the distribution
and the corresponding estimator of density
(We denote the implied copula distribution and density functions by K and k, respectively, to distinguish them from the true copula distribution C(u 1 , . . . , u d ) and true copula density c(u 1 , . . . , u d ).) The following result gives explicit formulas for the copula (density) implied by our estimator.
, denote the inverse of the marginal cdf F m from Step 1 and let f m denote the pdf corresponding to F m . Then, the copula implied by F 12...d can be written as follows
.
It is clear from Proposition 2 that our procedure constructs and estimates a flexible parametric d-variate pseudo-copula 4 . Specifically, a pseudo-copula is estimated by MLE in each step of our procedure. So the asymptotic properties of our estimator are basically the well-studied properties of copula-based pseudo-or quasi -MLE (see, e.g., Genest et al., 1995a; Joe, 2005; Zhao and Joe, 2005; Prokhorov and Schmidt, 2009b) . The following proposition summarizes these results.
Proposition 3 The estimator θ minimizes the Kullback-Leibler divergence criterion,
where c is the true copula density and expectation is with respect to the true distribution. Furthermore, under standard regularity conditions, θ is consistent and asymptotically normal. If the true copula belongs to the family k(u 1 , . . . , u d ; θ), it is consistent for the true value of θ. If the copula family is misspecified, the convergence is to a pseudo-true value of θ, which minimizes the Kullback-Leibler distance.
It is worth noting that it is still possible in principle to follow the conventional MLE approach here. That is, we can still attempt to find θ by maximizing the log-likelihood based on the following joint log-density
where θ j 's denote parameters of the univariate marginals. However, the dimension of θ in this problem is greater than for the initial problem in (2) and so if the initial problem was intractable, this method will be as well.
Proposition 3 outlines the asymptotic properties of θ and thus of F 12...d . However, it does not provide the asymptotic variance of θ. In order to address the issue of relative efficiency of our procedure, we re-write our problem in the GMM framework. It is well known that the MLE can quite generally be written as a method of moment problem based on the relevant score functions.
As an example, we look at the ingredients of our procedure for d = 3. The first step is the MLE for
; the second step is the MLE for c (2) ( F 2 , F 3 ; θ 23 ), where F j ≡ F j (θ j ), and the third step is the MLE for c (3) F 1 , C (2) ; θ 123 , where C (2) ≡ C (2) ( F 2 , F 3 ;θ 23 ). The corresponding GMM problems can be written as follows:
where ∇ denotes the gradient of the score function.
The GMM representation provides several important insights. First, it shows that at steps 2 and 3 we treat the quantities estimated in the previous step as if we knew them. The fact that we estimate them affects the asymptotic variance ofθ 23 andθ 123 and the correct form of the variance should account for that. The appropriate correction and simulation evidence of its effect are provided, e.g., by Joe (2005) and Zhao and Joe (2005) .
Second, it shows that each estimation in the sequence is an exactly identified GMM problem.
That is, each step introduces as many new parameters as new moment conditions. One important implication of this is that the (appropriately corrected for the preceding steps) asymptotic variance of the sequential estimator is identical to the asymptotic variance of the one-step estimator, which is obtained by solving the optimal GMM problem based on all moment conditions at once (see, e.g., Prokhorov and Schmidt, 2009a) . Such optimal GMM estimator may be difficult to obtain in practice due to the large number of moment conditions, but this efficiency bound is the best we can do in terms of relative efficiency with the moment conditions implied by our sequential MLE problems.
Finally, it is worth noting that this efficiency bound does not coincide with the Fisher bound, implied by the MLE based on the full likelihood in (5), even if the copula k is correctly specified.
The corresponding GMM problem for that likelihood includes moment conditions of the form
which are not used in the sequential procedure. Therefore, the sequential procedure cannot be expected to be efficient even after adjustments for estimation error from preceding steps.
Parameterizations
This section describes the models and distributions used in the empirical implementation of our sequential procedure. The particular choices of parameterizations are tied to our dataset and should be perceived as suggestive. However, we believe that they are flexible enough to produce good fits when applied to log-returns data -these are models and distributions characterized by asymmetry, skewness, fat tails, and dynamic dependence is typical for financial time series.
Assume that the following sample of log-returns is available:
, where y it is the individual log-return of the i-th asset at time t, d is the total number of assets, and T is the length of the sample.
Univariate distributions
We would like to use skewed and thick-tailed distributions to model univariate marginals because this is observed in financial data. Azzalini and Capitanio (2003) propose one of possible generalizations of Student's t-distribution which is able to capture both these features. Moreover, their transformation does not restrict smoothness properties of the density function, which is useful for quasi-maximum likelihood optimization. The pdf of their Skew t-distribution is
, where
and T ν+1 (x) denotes the cdf of the standard t-distribution with ν + 1 degrees of freedom. The parameter γ reflects skewness of the distribution. Equivalently, denote
It is worth noting the first three moments of the distribution when ξ = 0,
The last moment equation indicates that by varying γ one can change skewness of the distribution.
Also, it follows from the first two equations that the first moment of Y is different from 0 and its second central moment is not equal to 1. It is therefore useful to define the standardized Skew t-distribution by adjusting St 1 (ξ, ω, γ, ν) for zero expectation and unit variance through setting ξ and ω in the following way:
Denote the standardized Skew t-distribution by St (γ, ν), its cdf by F St γ,ν and pdf by f St γ,ν . We augment this distribution with the NAGARCH structure for the conditional variance equation (see, e.g., Engle and Ng, 1993) :
where h it 's are the conditional variances of y it 's, and
It is worth noting that the parameter κ i reflects the leverage effect and is expected to be negative.
Using this structure we can write the cdf of y it as follows:
Then, the log-likelihood function for each univariate marginal will have the following form:
There are seven parameters in this likelihood function for each i.
Bivariate copulas
Here we chose to use the following p-copula adapted from Ausin and Lopes (2010):
where 
where a ≥ 0, b ≥ 0, a + b ≤ 1, R is a positive definite constant matrix with ones on the main diagonal, and Ψ t−1 is such a matrix whose elements have the following form:
The advantage of defining R t in this way is that it guarantees positive definiteness. This circumvents the need to use additional transformations (see, e.g., Patton, 2006 , who uses the logistic transformation).
Substituting the marginal distributions into the assumed copula function we obtain the following model for the joint cdf of a vector of financial log-returns y t = (y 1t , . . . , y pt ):
We also derive the joint pdf by differentiating equation (6):
Then, the log-likelihood function for the conventional full maximum likelihood estimation can be written as follows:
The number of parameters in this likelihood is d(d − 1)/2 + 3 from the copula part and 7d from the marginal parts.
In our sequential alternative to the FMLE, we first estimate the Skew t-marginal distributions using only the last two terms in the likelihood -they do not depend on the copula parameters.
Then, the likelihoods we use in steps 2 to d are based on the bivariate version of this log-likelihood with given F i (y it )'s. This version is simpler, it can be written as follows:
It has only four parameters.
Compounding functions
The two arguments of the bivariate copula in step 2 are similar objects -they are the marginal distributions of two assets. This is the reason why we use a symmetric copula for the bivariate modeling in step 2. In contrast, the compounding functions in steps 3 to d operate with two objects of different nature: one is a marginal distribution of one asset and the other is a joint distribution of a group of assets. Thus, in general it makes sense to use asymmetric copulas, rather than symmetric ones, as compounding functions. Khoudraji (1995) proposes a method of constructing asymmetric bivariate copulas from symmetric bivariate copulas using the following transformation:
where C (sym) (u, v) is a generic symmetric copula and C (asym) (u, v) is the corresponding asymmetric copula. We utilize this result to obtain what we call the asymmetrized bivariate standardized tcopula:
where u denotes the marginal distribution of an asset, v denotes the distribution of a group of assets, and where we assume a similar time-varying structure on the correlation coefficient as in subsection 4.2. The form of the compounding function in the m-th step will then be
where θ l,i 1 ,...,l−1,l+1,...,im = (α, β, η, ρ, a, b) is a set of parameters (the last three parameters come from the time-varying structure of the correlation matrix R containing in the bivariate case only one correlation coefficient ρ). Correspondingly, there are only six parameters to estimate in each optimization problem of the sequential procedure regardless of the dimension of the original problem.
Goodness-of-fit testing
In order to assess adequacy of the distributional specifications, we conduct goodness-of-fit (GoF)
testing. For this purpose we use the conventional approach based on probability integral transforms (PIT) first proposed by Rosenblatt (1952) . The approach is based on transforming the time series of log-returns into a series that should have a known pivotal distribution in the case of correct specification and then testing the hypothesis that the transformed series indeed has that known distribution.
To assess the quality of fit of marginals, we use the approach of Diebold et al. (1998) who exploit the following observation. Suppose there is a sequence {y t } T t=1 which is generated from distributions
, where Ω t = {y t−1 , y t−2 , . . .}. Then, under the usual condition of a non-zero Jacobian with continuous partial derivatives, the sequence of probability integral transforms {F t (y t |Ω t )} T t=1
is i.i.d. U (0, 1). Diebold et al. (1998) propose testing the uniformity property and the independence property separately by investigating the histogram and correlograms of the moments up to order 4.
We follow this approach with an exception that the statistical tests rather than graphical analyses are conducted in order to separately test the uniformity and independence properties. In particular,
we run Kolmogorov-Smirnov tests of uniformity and F-tests of serial uncorrelatedness.
The goodness-of-fit tests for bivariate copulas are based on a similar approach proposed by Breymann et al. (2003) , which also relies on PIT. Let X = (X 1 , . . . , X d ) denote a random vector with marginal distributions F i (x i ) and conditional distributions F i|i−1...1 (x i |x i−1 , . . . , x 1 ) for
. One can show that T (X) is uniformly distributed on the p-dimensional hyper-cube (Rosenblatt, 1952) . This implies that T 1 , . . . , T p are uniformly and independently distributed on [0, 1] . This approach has been extended to the time series setting (see, e.g., Patton, 2006) . Again, we exploit the Kolmogorov-Smirnov tests for uniformity and F-tests for serial uncorrelatedness. Note however that there exist p! ways of choosing conditional distributions of a p-variate vector. For pairwise copulas, this means two such ways:
X 2 | X 1 and X 1 | X 2 . In this paper we examine both of them for all pairs.
Empirical application
This section demonstrates how to apply the new sequential technique to model a joint distribution of five DJIA constituents. We have considered larger numbers of stocks but to illustrate the advantage of our method over the conventional ones (and to save space) we start with d = 5. For univariate marginals, we exploit skewed t-distributions with a NAGARCH structure for conditional variance; for bivariate distributions, we exploit the asymmetrized time-varying t-copula, which is also the copula we use for benchmark comparisons when estimating p-variate distributions with p > 2. We have considered other copulas but found this copula to produce the best fit. The
Kolmogorov-Smirnov goodness-of-fit tests conducted at each step of the procedure show that these parametric distributions provide a good fit for individual asset returns as well as jointly for their combinations. Eventually, we compare our new methodology with the conventional benchmarka single five-dimensional time-varying t-copula based estimation.
Data
We choose the following five stocks from among DJIA-constituents (as of June 8, Table 1 . One can see that the unconditional sample distributions in some cases demonstrate skewness and heavy tails, which justifies the selection of the Skew t-distribution for modeling marginals.
The scatter plots and correlations on Figure 3 show that, as expected, all of the stocks are positively correlated. The correlation between MSFT and PG is smaller than for most of the other stocks -these two stocks belong to different sectors (Technology and Consumer Goods sectors) 5 .
At the same time, the correlation between KO and PG is greater than between the other stocks due to the fact that they both belong to the Consumer Goods sector.
Estimates of univariate distributions
We use the Skew-t-NAGARCH model for the marginals in order to accommodate asymmetries, heavy tails, leverage effects, and volatility clustering that are observed in stock log-returns. For marginal distributions, we choose the initial value of the conditional variance h i1 in the GARCH process to be equal to the sample unconditional variance of log-returns.
The estimates of the parameters of marginal distributions are summarized in Table 2 . As before, µ denotes the mean return, ω is the unconditional variance, α reflects the ability to predict conditional variance using current innovations, β is the measure of persistence of conditional variance, κ is the leverage effect, the reciprocal of ν captures heavy tails, and γ represents skewness.
The mean return µ is fairly close to the sample mean value. There is a substantial degree if persistence in the conditional variance process for four out of the five series. There is excess kurtosis in all series. The skewness parameter γ and the leverage effects are largely insignificant, however we keep them in the model because of skewness found in Table 1 and because it is now standard in the literature to account for these stylized facts.
The Kolmogorov-Smirnov tests for uniformity of the transformed series show that at the 95% confidence level the hypotheses of uniformity is not rejected. The quantitative results along with the diagrams are presented in Figure 4 . The model passes these tests.
Next, we conduct the tests for serial correlation of the transformed series. Diebold et al. (1998) recommend that it is sufficient in practice to investigate the moments up to order 4. We follow this suggestion and test the hypothesis about the joint insignificance of coefficients in the regression of each moment on its 20 lags using the F-test. The results are presented in Table 3 . The hypotheses of no serial correlation are not rejected at the 95% confidence level in nearly every case; the exception is the 4 th central moment of the KO stock for which the hypothesis is not rejected at the 99% confidence level. In addition, all the Ljung-Box tests carried out to test for autocorrelation in the residuals of the marginals' specification do not reject the hypothesis of no serial correlation either.
This also indicates a good fit of the selected parametric forms of the marginal distributions.
Estimates of pairwise copulas
The pairwise copula parameter estimates are summarized in Table 4 and the results of pairwise Kolmogorov-Smirnov tests are presented in Figures 5 and 6 . All Kolmogorov-Smirnov tests are passed at any reasonable confidence level. This indicates that the time-varying t-copula used for modeling bivariate distributions fits quite well and can be used in step 2 of the sequential approach.
As before the hypothesis of no serial correlation can be tested by checking joint insignificance of the coefficients in the regression of each of the first four moments on their 20 lags using the F-test.
Additionally, in the bivariate setting we included the lagged moments of the other PIT series in the regression to test for independence. All the results (not shown here to save space) suggest that the hypotheses of no serial correlation cannot be rejected at any reasonable confidence level in every case and that the bivariate specification we chose fits well. Tables 5, 6 and 7 contain parameter estimates in the t-copula based approach for groups of assets of different size. We do not present standard errors for the estimates to save space. Also, we omit the plots and p-values for the Kolmogorov-Smirnov tests. The tests again favor the selection of the asymmetrized bivariate t-copula as a compounding function.
Estimates of compounding functions

Comparison to the conventional copula approach
Now we compare the proposed approaches with the conventional single copula approach to dynamic modeling of joint distributions. The conventional alternative would be to estimate a time-varying five-dimensional t-copula using maximum likelihood.
The parameter estimates for the conventional benchmark method are summarized in Table 8 .
As before, we have run serial correlation tests -they are not reported due to their large number -almost all of them passed at the 95% confidence level. This means that, for our five time series, there is no obvious leader in the goodness of fit comparison. Moreover, the number of estimations in our procedure is much larger than in the conventional method. In this example, a five-dimensional distribution requires solving 80 low-dimensional problems in the sequential procedure. 6 The conventional approach would require solving only 6, one of which is 13-dimensional. So for moderate dimensions, such as d = 5, the conventional method may be preferred in terms of computer time (it was quicker in this example). We will now increase the dimensionality of the problem and illustrate how the conventional estimator becomes harder obtain and eventually fails while the new procedure remains operational.
When we repeat the above exercise for d = 6, . . . , 15, the number of parameters in the conventional MLE based on d-copula grows according to O(d 2 ), while the number of additional parameters in each step of the new sequential procedure remains fixed at 6. The number of estimations in the sequential procedure also grows with d (potentially faster than O(d 2 )), however this number can be made small in steps 3 and above, if we consider a random subset of all available combinations in each step. Table 9 contains the number of parameters to be estimated in a single optimization problem when we use the new and the conventional method. In our application, we discovered that the conventional approach fails to produce reliable convergence when d reaches and exceeds 10. At the same time, the new approach remains functional. Although there are a lot of optimization problems to solve, each such problem is relatively simple and takes very little time. In this application, each of the sequential estimations took only a few seconds, while the high-dimensional standard estimation with d close to 10 takes minutes and fails if the dimension is greater than 10. 7
Concluding remarks
We have proposed a sequential MLE procedure which reconstructs a joint distribution by sequentially applying a copula-like compounding function to estimates of marginal distributions. We discussed theoretical justification for the use of compounding functions and averaging and outlined the asymptotic properties of our estimator. We have shown in an application that this is a reasonable alternative to the conventional single-copula approach, especially when the dimension is higher than moderate.
Alternative methods of constructing a joint distribution from objects of lower dimension may come from work by de la Pena et al. (2006) and by Li et al. (1999) . De la Pena et al. (2006) provide a characterization of arbitrary joint distributions using sums of U -statistics of independent random variables. Their terms in the U -statistic are functions g(·) defined over subvectors of the original multidimensional vector. Li et al. (1999) discuss the notion of the linkage function L(·), which is a multidimensional analogue of the copula function. Linkage functions link uniformly distributed random vectors rather than uniformly distributed scalar random variables.
Functions g(·) and L(·) are the lower dimensional objects that may be used in a similar estimation procedure to ours. However, except for some special cases the close form expressions of these objects are unknown and their properties are not as well studied as the properties of copula functions. For this reason, we leave the study of such alternative methods of modeling joint distributions for future research.
hc (x1, x2, x3) where the second line follows from ln c (3) (u1, u2) being Lipschitz with constant B.
It follows that ln h(x1, x2, x3) − ln hc(x1, x2, x3) ≈ B c (2) (F2, F1) .
So, the approximation error is particularly small in areas of the support where c (2) concentrates a lot of mass.
Proof of Proposition 2:
The result follows trivially from application of Sklar's (1959) Table 9 : Growth of the number of parameters in a single optimization problem for the conventional and for the sequential methods based on the t-copula. 
